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ABSTRACT

Let ®' be the dual of a Countably Hilbert nuclear space and

Wt be a &'-Wiener process. In this work we construct
stochastic integrals and multiple Wiener integrals of opcrator
valued processes with respect Fo wt. The Wiener decomposition
of the space of #'-valued nonlinear functionals of wt is
established. We also obtain multiple stochastic integral
expansions and representations of &'-valued nonlinear func-

tionals of W, as operator valued stochastic integrals of Ito

type.

AMS 1980 subject classification. Primary ,60H05, Secondary ,00.J05,

Key words and phrases. Multipfe {integraf, homogencous chacs,
noninean functional, nuclean space valued process, stochastec

integral, nepresentation of squane integrable mantingalcs.

SO -

RSN
- -

R

a "(-"- EPE S
- -.,_-}."-’-._'- -

et

Id

Y,

AR S AN AN

2 v r
Wl Wi

Yy
L]

-
L]



[

LA ML

1., INTRODUCTION AND NOTATION

Stochastic processes taking values in duals of Countably
Hilbert nuclear spaces have becen considered in the works
of Itg {9,10], Holley and Stroock [6], Dawson and Salchi

[ 2], and Shiga and Shimizu [ 18} among others. In most of
these papers, the nuclear space considered is S(Rd), the
space of tempered distributions. However,in several prac-
tical problems, e.g. those occurring in neurophysiology,
it is not possible to fix in advance the space in which
the stochastic processes take their values, as pointed out
by Kallianpur and Wolpert [12). Throughout this work we
will assume that ® is a Countably Hilbert nuclear space
(CHNS) as defined in the work of the last named authors in
the following manner: Suppose a strongly continuous semi-
group (Tt)t > 0 given on a Hilbert space ”o (that can be
taken as Ho = L?(X,dl'") for some 0-finite measure space
(X,A,T)). The semigroup (Tt)t > o usually describes the
evolutionary phenomenon being studied, such as the behavior
of the voltage potential of a neuron (see [12]). Suppose
that the strongly continuous and self adjoint semigroup

(Tt)t >0 satisfies the following two conditions:

(i) The resolvent R = J e'atTt dt is compact for each
0
a>0.
Ty

(ii) For some r, > 0 (RI) is a Hilbert-Schmidt operator.




v w-w

Cae aa ab B 3

2.
¥
1Y
.
By the Hille-Yosida theorem (T,) has a negative definite
infinitesimal generator -L and Ho admits a complete ortho- N
normal set {¢j}j > 1 of eigenvectores of L with eigenvalucs -
0 <A\, €A, <,,. satisfying
- -2r, Ny
.Z (a + Kj) <e (r, >0 . : (1.1) 3
j=1
R
Set 9
o
by
o -2r, )
6,= T (1 +2)) . (1.2) bys.
j=1 J : g
Y
Denote by <o, 0>y the inner product in H0 and let -
®={peH: T <6,6.> (1 +r.)2T < for all r € R} -
° =1 Jo J -.;
(1.3) ~
&
For each r ¢ R define an inner product <:,+> and norm :ﬁ
I+1l on & by
LN
.-'
- =X
2r o
<p,y>. = jf1 <¢,¢j>0 <w,¢>j>0 (1 + Xj) (1.4) N
2 2
ol = <¢,6>, (1.5) <
. -
*
and let H. be the Hilbert space completion of @ in the inner ?f
product <oy o> Then ® with the Frechet topology determined =
\"
\
.-.:‘.$:.$T.:\":.\:::.;'.;: e T AT AT AL :.' WAy \'_\"',,:-' .\'_, ‘!:_ LS -.__\__-._.\._\._-.__:_::._.. PR
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by the family {]|+]| }. . g of Hilbertian norms is a Countably h;

Hilbert nuclear space. Let ¢' = U ”r with the inductive

r i

- limit topology. Then ®' is identified with the dual space v
(in the weak topology) to ¢, The following are straight Q

forward consequences (see [12])): ;

3

:“

i) ® CH, cH c @', (i8]l < ll¢ll  for r <s. ;

. ~
i )
! ii) The injection of H_ into H_ is a Hilbert-Schmidt map X
. )
ifs>r +1r,. (

4

iii) Let H_, = HL denote the strong dual of the Hilbert by

“

space Hr‘ Then H . and Hr are in duality under the v

pairing e

-

l"

W

= 3 WA

tl¢) j:1 <E,¢j>_r <¢,¢j>r EeH ., 06¢€H . (1.6) ¢

\

\b

>

iv) Finite linear combinations of {¢j} are dense in ® and >

. =
in every H_; moreover {¢j}j > 1 is an orthogonal N

- . e

system in each Hr’ and then {(1 + Xj) r¢j}j > 1 1s a i

CONS for H._. 2

r s

L)

d d . . . N

The spaces S(R") and S (7" ) of rapidly decreasing functions “

"

on Rd and rapidly decreasing sequences in Wd respectively, ”

may be obtained in the above framework (see [1] and [17]). o

1 7
: v
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’
Throughout this work we will assume that (,F,P) is a

complete probability space on which all &'-valued stochastic !
: <

processes will be defined. ;
2

Definition 1.1. A sample continuous ®'-valued stochastic R,
process W = (wt)t > 0 is called a (centered) ®-valued Wicner :
process with covariance Q(+,+) if .
a) W = 0. o

) W, :

‘b) wt has independent increments. 2

c) For each ¢ ¢ ® and t > 0 E

R

_\

. .
E(e™t!?l) = exp(-t/2 Q(¢,0)) -

‘.
> o

where Q(+,+) is a continuous positive definite bilinecar R
(c.p.d. b.) form on ® x P, .E

%

1

It is easily seen that the system {W.[¢] : ¢ € &, t > 0} is a e
’.
Gaussian system of random variables and that if ¢, V¥ € @d, i
then the real valued processes Wt[¢] and thwl are independent b
7
on non-overlapping increments. Moreover for s, t € IR, ﬁ\
'*

E(W[81W, [¥]) = min(s,t) Q(¢,V). (1.7
If Q(-,*) = <+,+>,, following Ito [9], Wt may be called a .
Standard ®'-valued Wicner process. ;i
ON

. *n
«e
-------

.......
..........
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Using the Nuclear theorem ([ 5] ) one can show that if Q is ‘a
c.p.d.b. form on & x &, then there exist r, > 0 and 0, > 0

such that for ¢ € @

- Q(e,0) < 0:]|6]]2: - (1.8)

A regularization technique, as that used in Ito [ 10], shows
that given a c.p.d.b. form Q on & x & there cxists a ®'-valued
Wiener process Wt with covariance Q. Moreover (see [17, Th.
4.1.1}) W has an H_q-valued continuous version for
Q=21 +7T.. Let HQ be the completion of ® w.r.t. Q(+,*).
Then to every ¢'-valued Wiener process we can associate a
Rigged Nilbert space ([ 5])
= ’ '

& C HS c HQ = HQ c H_s c o s=>r,, (1.9)

Examples of &'-valued Wiener processes arising in differcnt

situations are presented in (17].

In Section 2 of this work we present "weak" stochastic
integrals similar to the case of a cylindrical Brownian

motion as presented in Yor [21). We consider rcal valued

and ®'-valued stochastic integrals includirng operator valucd
proccsses as integrards. It turns out that these integrals
are the ones useful in representing nonlinear functionals

of Wt.

[ T P AT T I At L
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In Scction 3 we present real valued and ®'-valued multiple
Wiencr intcgrals w.r.t. wt including opecrator valued
integrands. Our mcthod lecads to consider multiple Wicner
integrals with dcpendent integrators for real valued
integrands of the type considered in the recent works [ 3],

[4] and [17).

In Scction 4 we obtain the Wicner deccomposition of the space
L2(2;9') of d'-valued nonlinear functionals of wt. Further-
more we consider multiple Wicner integral expansions and
stochastic intcgral represcntations for elements in L2(£;9'),
as well as representation theorems for ®'-valued square
integrable martingales. These results arc the ®'-valued
analog of the corresponding results for nonlinear functionals

of a real valued Wiener process, as prescnted for example in

Kallianpur [ 11, Ch, 6].

An important role in this work is played by a Bairc catcgory
argument, first used in the study of nuclear spacc valucd

stochastic processcs in Mitoma [ 15].

This work is motivated by the nced for developing techniques
for the study of nonlincar models which describe the ncuro-
physiological applications presented in Kallianpur and

Wolpert [12]).

T -, - v . - : ' - » e - h " -
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2, STOCHASTIC INTEGRALS

- Stochastic.intcgrals with respect to S'(R@) -valued Wicner
processes and E'-valued (E is a CIHINS) processes have been
discussed in Itg [9,10] and Mitoma [ 15] 1espectively. They
propose to use the theory of stochastic integration on
Hilbert spaces, as presented for example in Kunita [13] or
Kuo [ 14}, to construct stochastic integrals for the H_q

valued Wiener process Wt. In this section we present weak

stochastic integrals similar to the case of a cvlindrical

Brownian motion (c.B.m.). However, we do not work with a

c.B.m. but rather with a ®'-Wiener process (a true process)

with an H__-valued continuous version for q > r + r,.

Secondly, if {ek} is any CONS in Hq then {Wt[ek]}k > 1 is

not necessarily a system of independent random variables

(see (1.7)), as it would be required in the case of a c.B.m.,

Moreover, we do not assume that the common orthogonal system

in Hr r >0 {¢j}j > 1 (the eigenvectors of the infinitesimal

generator L) diagonalizes Q. The case when Q(+,*) = <~,°>0,

and then {¢j}j »> 1 diagonalizes Q, has been considercd by

Daletskii [ 1] and Miyahara [ 16]. Nevertheless, thec nuclecar-

ity of the space (®,{|-[/. r > 0) enables us to construct
real valued and ¢'-valued stochastic integrals. We also
make extensive use of the c.p.d.b. form Q and its associated

Rigged Hilbert space (1.9).

----------
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Let Ft = F¥ = o(wsfo < s < t) with Fo containing all P-null -
1 N

sets of F and let F' = F', 7
Real Valued Stochastic Integrals.- Let K be a rcal separable -
Hilbert space. A function f: [0,=) x £ + K is said to belong N
: B

to the class M(W,K) if f is an F _-adapted measurable (non- -3

anticipative) function on R _ x £ to K such that for each

t>0 g
| ]

t =z

[ Enceesy g as <= %

°

The special classes we will be concerned with are Mq = M(W,Hq), ;Z
. s

> + M, = MW . A
qQ>r, + T, and Q ( ’HQ) g
We first define stochastic integrals for elements in Hq. :ﬁ
5

Definition 2.1 Let q > r + r,. For ge Mq and t > 0 define Y
t o~

the real valued stochastic integral J <g.,dW_> as by
o s’ 's"q K

. : [ X
<g_,dW > = I J <g_,e.> dW_[e.] (2.1) BN

o s’ s’ q i=1 Jo s’"1" q s’ 1 R

5

o7

l\..

where {ei}i 5 1 is a CONS for Hq and the integrals on the ;%:
right hand side of (2.1) are ordinary Ito integrals. &;
2
' ]
Proposition 2.1 Let g € Mq q>r1, + r,. Then the integral g-
(2.1) is a well defined element in L2(,FY,p). If D,

v :'-':-". -‘..,."'.:" ...... AR et :
'.’s""""". G SRR
Lo B L < WA
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q, >r, + 1, and g € Mq then this integral is indcpendent N

1

of q or q,. Moreover the following properties are satisficd -
for f, ge M_. =R
q :,:

a) For a, be R and t > 0 s
"

e

Ay

t t t !

J <afs+bgs,dws>q = a J <fs’d“s>q +Db J <gs,dhs>q a.s.. g

0 o Lo} -
SO
o

o

t &

= ,

b) E(Jo <gs,dws>q) 0 t>0. ",
e

t) t2 titt: :.;

c) E(J <gg V>, f <fg,dW>)) = E f Q(fg,r )ds o/
o 0 o ¥

o
t1>0,t2>0. ;:
~d
-
J'*

t ) t t R iy,

3 = o= g

a) 1:([ <ELAN> )P = E f Q(f,,f )ds < E j I l12 ds < =.

o} o 0 e

¢ £

e) The real valued process {Jo <gs,dws>q}t 5> o is an Ft- :*
martingale with associated incrcasing process —9
o

t \':'

B[ atg,.eg)s. ;::,
o N

t L]

Proof We first prove that for t > 0 J <gs,d\\'s>q is a well B2
" o S

defined e.cment in Lz(n,F“,P). Let {ei}i 5> 1 be any CONS o
‘h

for Hq q>r, + r;. Then for each t > 0 £




<g, (W),e.> e.

g(t,w) , Be(9)57q €5

TR

and for n, m > 1, using the fact that for ¢, Ve Hq the cross

predictable quadratic variation of Wt[¢l and wt[wl is
<Wiel, WIYI>, = t Q(e,V) t>0,
we obtain that

n t
E( X J <g_,e.> dw [e.])? =
j=m 0 S ) Q S )

“ 45

n t
< E J <g_,e.> <g.,e.> Q(e;,e.)ds .
m k =m o > 34 s’7k'q 3Tk

Then since Q is a c.p.d.b. form, using (1.8) we have that

n t
E( T [ <g.,e.> dW_[e.])?
j=m Jo s’)°q s° )

t
12 a
<6, E I il E <g5>€57g eJIIq s

as n,m +

n
D
S
m
——
(o]
~~
™M
A
2
72}
o0
\'%
N’
o
(7]
+
(o]

since g € Mq .

WA |

R e

m. (7"1.‘ -" [l

l;'- *
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B
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sy S/'- S"& )

/

Ik



F @ T TR RS TTETE AT A RS TS T s T WAL wFwumrvﬁ"7ﬂEPV1mnvmPﬂmﬁmﬂﬂTﬂTﬂWﬂﬂmTWFvIWFV'
Wﬁmvwvnny

11,

Thus fg <gs,dws>q is an element of L’(Q,FW,P) defined as

the L2(f)-1imit of the Cauchy scquence

22000 IR B s R S

n t
(z I <ggre>, dled) s -

The next argument will also show that (2.1) is independent
of the CONS {ej}j > 1 in H
and {¢ }.

q°

Let q, 2 1, *+ 1, q, ® q
i1 be a CONS for qu. Then ||-]]. < H-llq < |+

qu = HQZCPH} and W, has an H_qx-valued continuous version.

Hence if g € Mq n M

T2

q,’

Q)

rt
E( , JO <gs,ej>q dWS[ej] -

j

I =)

t

n n n
- X s
E([o Q(j§1<g5’ej>q ej :1<g5"pj>q d": Z <g

E <g VR > ¢ } ds)
j=1 )

+ 0 as n » = by dominated convergence theorem.

Thus the integral (2.1) is independent of q and q..

\‘ -
hXA
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The proofs of (a) - (e) follow using the usual techniques. s
For details see [17]. E
: b

QIE.DQ l’

As in the case of a real valued Wiener process, under an ;
additional condition we can define the integral f: <£‘s,d‘.\'s>q ;
Definition 2.2 For q = ry, + r, let £:[0,=) X £ Hq be a N
't

non-anticipative Hq-valued process such that R
5

J Ell £(s) {2 ds < =, (2.2) ,

o q 3

.J‘

3

. w - t . +

W W .

Define I <fs,d\s>qas the mean square limit of Iy <fs,d..s>q o
as t +» =, Then this integral is well defined and has the (S
properties (a) - (d) of Proposition 2.1 writing = instead he
)

of t. Morceover, for all t > 0 X
'

= t 2

E(J <f_,dWw > |F ) = j <f_ .dw > a.s. te

o s’ 's"q' 't o s’ s q R

o,
t : : : =3

and (f <fs,dws>q, Ft)t > ¢ 15 a square integrable martingale $§
with increasing process E fg Q(f,,f )ds and a continuous =
version on R . _
For f € MQ a stochastic integral of the form (2.1) cannot be é
-.":-

>
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defined since W, is not an HQ-valucd process. However, we
are still able to definc a stochastic integral with the

help of the following lcmma.

Lemma 2.1 Let q> r; + r, and f ¢ MQ' Then therc cxists a
sequence {fn}n > 1 in Mq such that for each t > 0

t
Ell £f(s) - f£.(s) ||2 ds » 0 as + oo,
[ Eles - 60001 n

Proof Let {ei}i > 1

gonal projector onto the span of {el,...,en}. For each t > 0

be a CONS for HQ and let Pn be the ortho-

by monotone convergence theorem

t
[ E(<f_,e.>2)ds
] s

t oo
E|| £.]]2ds = =
L, s1Q " . i7Q

and hence for each t > 0

t Ll t
E|lp f_ - f ||]2ds = = ] E(<f_,e.>%)ds + 0
Io n's s’ Q j=n+1 Jo s’73°Q
=
‘\
as n » oo, =
Y

Next for all n > 1 there exists a sequence (62)k > 1 of non-
anticipative step processes with values in the range of Pn
(this is the finite dimensional case, see for examplec Lemma

4.3.2 in Strook and Varadhan [ 19] or Lemma 1.1 in Ikeda and

T ™ o T A e T AT e A AT e et tam et e a.e :.-"
g N ST AN e A T N T T T A T T T T At e LR y
:..::\:_-} o o ::..::" ‘.__\_.\:..,_ s RN N N N L L N LN A L TR A AL S RNAN NN N
RN PR e e e T T e L N T A . N S N A R SN S AT
AASEME WAl L . ¥ PR I A LGN . - e - N
V37351 2 W WIS FANNIA I IS YOO ~ “~ - LAY, . SRR SR AP CPCAL PO 2 > Ly
' e N~ S I N W ST RIS 5 LN T R S S ST Ve i S Y R E S ':-'_‘.q\.o\o?.a“;'?::\i".ﬂ.m




L an e oy o 4

haan Ba g p

14,
Watanabe [ 7)) such that for each t > 0
t n 2 1
o E” ﬁk(s) = Pnfs ”Q dS < E k = 1’2'on- .
Define the HQ-valued step process
a () (@) = B (t)(w) 0<t<= wel n>I,

Then for all t > 0

t t
Io E{| a (s) - sz 6 ds < fo Ejl a (s) - Pnfsllé ds

t t
1
+ El]j P f_-f_||3ds < = + I E||p_f_-f_||3 ds = 0
Jo I n's s”Q > n o I n's s”Q

as n -+ o,

Thus we have shown that if f € MQ, for all € > 0 therc
exists an HQ-valued step process a(t,w) such that for each

t>0

t
j Ell a(s) - £(s)l § ds < e/4
(o]

T et A e e e, e e e - e cs e e e . . . ..
N o e e o B e S e e e PN
N SR AR S N e e O RSO
‘o . . ERLEREL O O% CE N VO
) I A A NP Dy I N PR N A I RN R A

BREARAS

v 1 8 s
1 v

y, > ".fl [ARANS

RPN
[~

" Tt £ - . o
'."-’_" t l‘“u':'l‘l'n“

f‘:’l'"f

‘-
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N
12X
where &
b
3
a(s,w) = atj(w) a.s. tj < s < tj+1 j = 0,...,n-1 ;Z
,
= a, (w) a.s. s 2 tn 5
n
)
where 0 = t, <t < ...<tn < « and each a, takes values in x
a finite dimensional subspace Bj of HQ’ it is Ft -measurable $
_ j ]
and E|} o l]2<=° for j = 1,...,n. o
Next for each j=1,...,n let {el, ..,,1\ ) } be an orthogonal basis for BJ. N
oo
Since Hq is dense in HQ we can choose {\b-‘,,...,wi } such that N
. j LY
J -,
4’1 € Hq and N
1 - el - 3
JJ - e < L =1,... k. ‘-'
L L Q . 2 ’ *73 e,
2kj(tj*1 tJ)En o'tj “Q .‘.
_ K
.‘h
Each o, can be written as iy
- f\
J a2
. o
-(w) = aa (w) e} +...t ai’( (w) ei _
) } ]
) "
o,
v
where .‘\-:
- - ‘.
Ell o, 13 = EC(a))® +.oov (ap )% <= |
J J X
~
D¢
-4
Define N
-‘
af (w) () ¥ +...4 (w) ¥ -
) J
"v
S e
2 AT PSS SRS RSN
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then

. : k. .
Ell of II 2 < E(@)? +.oov (33 ) S2lvill g <=

J j i=1
and
Bllog ol 2 © o] - vl
j sop 1% T Mg

k. . . .
<ECZ) lall lle] - ¥)llp)®

i=1
k. . k. . . .
< {E( T] (ai)z)}{.EJ el - w-} Hé} < .
i=1 i=1 Z(tj+1 - tj)
Finally define
®x 3 - -
utj(ﬂﬂ tj < s < tj+1 j 1,...,n-1
a*(s,w) =
a* (W) s>t
tn n .

[ARX

which is an element of M Then for each f € MQ and € > 0

qQ
there exists a* € Mq such that for each t > 0

. % 'x
1)

ﬁ..

t
J E|| a*(t) - f(t) | 6 dt < e
o

N

and the existence of the required scquence follows.

Q.E.D.
O R L U R R G R R S R S U R Ry NN A T
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17. You

Definition 2.3 Let f € MQ, then from lLemma 2.1 there exists
a scquence of functions {fn}n 5> 1 in Mq for q = r; + r,,

such that for each t > 0

t 2

Io E|| £(s) - fn(s)” 3 ds + 0 as n + = ,
Then by Proposition 2.1 (d) for each t > 0

t t
E(J<fn(s)-ﬂn&ﬂ ,dws>q)2 = I El| fn(s)-fm(s)H 6 ds - 0
o o

n, m-+ .,

Define for each t > 0 the stochastic integral f;<fs,dWS>Q as
2 C1ims t
the L*(f)-1imit of the Cauchy sequence {fo<fn(s),dws>q}n =10

If in addition f is such that
2 <
fo Ell £,11 3 ds

then the stochastic integral f:<fs,dws>Q is defined as the

mean square limit of f;<fs,dws>Q as t - =,

For the sake of completness the main properties of the above

integral are summarized in the following:

DUBEACA AR

Lo
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18.
Proposition 2.2 Let f, g € MQ‘ Then
a) If a, be R and t > 0
It f_+b di ¢ ‘
<af_+ ,dW > = a [ <f_,dW >, + b j <g_,dw_> .
o s V8s s"Q o s s Q o B2 N Q a
t
b) E([o < ,dN>0) =0 allt >0 .
t) t2 t‘lAtz
¢) E(Jo <f,,dN >, Jo <gg,dW >)) = E I <fg,8,> ds
)
ti,t2 > 0 .
t ) t )
d) E(j°<fs,dws>Q) = E j £ 1! ] ds < = ,
o
o0 ) t
e) 1f E [ I£, 11 § ds < = then {j <ELAW >0, F e 5 g

0 o

is a square integrable martingale with corresponding increas-

ing process IE El|fs||6 ds and a continuous modification on
R,. Moreover for t > 0
Lo t
E(Jo <fs,de>Q|Ft) = J <fs,dws>Q a.s.
)
and

E([ <f_,dw >
o S S

m

QU E[ NENE e,




The proof follows by the above definition and Proposition

2.1,

&'-Valued Stochastic Integrals.- Let L(®',2') decnote the

class of continuous linear operators from ®' to ¢'. A func-
tion f:[0,=) x 2 + L(P',P') is said to belong to the class
OQ(¢',¢') if £ is an Ft-adapted measurable (non-anticipative)

function on [0,=) X £ to L(®',®') such that for each t > 0

t
E f Q(EA(9),£3(¢)) ds <= ¥ o e @ (2.3)
(o)

.where f;: ® + & js the adjoint of fs.

Lemma 2.2 Let f € OQ(¢',¢'). Then for each t > 0 there

exists q(t,f) » ry + r2 such that

t t ,
| gl ds=E[ e[ 2 ds < = =
o ! islla, o 3 ) {

OZ(HQ’H'q(t)f

(2.4)

where az(Hq(t,f)’HQ) denotes the Hilbert space of Hilbert-

Schmidt operators from ”q(t,f) to HQ'

Proof For each t > 0 and ¢ € ¢ let

RN Y

t
Vi(¢) = E fo Q(f2(6),fE(4))ds. (2.5)




......................

Then since f € OQ(ﬁ',¢') for cach t > 0 V:(é) <ew N6 e b,

Let ¢+ ¢ in ®, then since f* € ((¥,%) and Q is d-continuous,
using Fatou's lemma we have that
t 17 2
- s s * * | im i r
Vtai) {E Io lim inf Q(fs(¢n),fs(¢n))ds. < lim inf \t(on)

which shows that Yt is a lower semicontinuous function on P,
Then using Lemma I.2.3 in [ 20, Page 386] Vt(¢) is a continuous
i function on ¢ and there exist r(t,f) > 0 and 8(t,f) > 0 such

that

2 2 2
Next let {¢j}j > 1 and {kj}j > 1 be as in Section 1. Choose
q(t,f) > r(t,f) + r, and write Ej = (1 + Xj)'q(t’f)¢j j > 1.

Then {aj}. is a CONS for H

j > 1
we have that

alt, ) and using (2.5) and (2.6)

t (- - - oo ~
B (2 es@),eaG00ds = T VIG))

o j=1 j=1

<6(t,f)? T

= 0(t,f)? =
j j =

(1 + )\) '2(Q(t)r)'r(t){))
j=1 )

nt

eslire,n

< 0(t,f)%, < =,

and (2.4) is proved.
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Proposition 2.3 Let f € OQ(¢',¢'). Then for cach t > 0

there cxists a ®'-valued clcment Yt(f) such that

t
= * 'l . . 2
YO0 = [ <Fie).dipq  as. ¥ee (2.7)
where the RHS of (2.7) is the stochastic integral of
Definition 2.3. Moreover, for each To > 0 there exists a
positive integer q(To,f) such that Yt(f) € H-q(To,f) a.s.

for 0 < t < T,. Yt(f) is called the ®'-valued stochastic

integral of f w.r.t. W and sometimes we will denote it by

¢
Y (£) = Jo £ . (2.8)

Proof Using the notation of the proof of Lemma 2.2, define
Y. (£)[8.) = | <€r(p.),dv_> ;> 1.
((OIFg) = | <E6)), 807 j

Then by Proposition 2.2 (d), (2.5) and (2.6)

~' 2 - oo ~. 2 - S\Yz ~'

E(j§1(Yt(f)[¢J]) ) j§1E(Yt(f)[¢J]) jor £(¢5)
2 Y 2 2 <
<0(t’f) jf‘” ¢J” r(t,f) <0(t’f) 61 .

Thus 2 (Yt(f)[&?jl)2 < wa,s.. Let ,= {w Z (Yt(f)lgjl(unnz
j=1 '

i=1

........................

....................
------ - LI IS I

e T T N
VAR YA TS IE SLUEWAVE LS Y DA VA
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> 1

Let {wj}j

be the CONS for H__ (4 g dual to {¢j}j > 1

and define

’ EYt(f)[¢ l(w)\" we O
j=1

; Y () (@) =

L 0 wd O

Then for each t > 0 ?t(f) € H-q(t,f) a.sf forq(t,f) > r(t,f) +

and therefore 7t(f) e &' a.s. .

It remains to prove that ?t satisties (2.7). Let t > 0 and

¢ €¢ &, then ¢ € Hq(t,f) and

n
¢ = lim Z <¢, ¢ >

(limit in H )
nam jo1 at, )% a(t,f)

n ~ Lnd
z < > . - oo
and therefore vt(j=1 ¢,¢J q(t,f)¢3 ¢) 0 as n -

which implies from (2.5) that

t n
® ->
E ]o Q(f*(J§m<¢ Face,0f)r BT 9F70, £55))ds » 0

as n.m - °°, (2.9)
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On the other hand, since wj[¢] = <¢,0.>

¥ (¢ = ; PORTY = ; A P :
Yt(f)(¢1 j=1YéfN¢j“3[¢) j,,Yt(f)[¢j]<¢’¢j>q(t,f)
= j EE 1‘{ t ( 1?) [ <:qb ,(b j )>(1 ( t , f-)(b j ] a.s. .
n ~ ~
i = f*( X < . .
Thus if gn(s) fs(j=1 ¢’¢J>q(t,f)¢3)
- t
- . 4
Yo (181 = lin Jo <gy (s),dW >, a.s.

and from (2.9) and Definition 2.3

t t
<g (s),dWw_>. - J <fr(¢),dw_> in L2(9).
Jo n s Q o s s Q

- t
Thus for each t > 0 Yt(f)[¢] = I <f*(¢),dW_> a.s. ¥ ¢ € &,
o s s Q

From now on we write Yt(f) instead of ?t(f).

Q.F.D.

t
The ®'-valued stochastic integral Yt(f) = I fsdws has the

following properties.
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Proposition 2.4 Let f,g € OQ(¢',¢').

a) If a,b € R then for each t > 0

Yt(af+bg) = aYt(f) + bYt(g) a.s. .

B) E(Y,(£)[#]) =0 ¥¢e® t>0.

t
&) B (DAY, (D19 = E [ QUEE),£3(0)ds ¥ 6,y ¢ @,

o

tn

| O EIY (Dl 2 e gy = s <=

| £ 2 d
L 72 fq(e, )

¥t >0, for some q(t,f) > r, + 1, .

We now extend the definition of Yt(-) to functions which are
integrable in [0,») X £. Lemma 2.2 and Proposition 2.4 (d)
suggest that it is enough to construct stochastic integrals
for functions of the form f:[0,=) X & » az(Hq,H_r) for r > 0,

similar to the case of a c.B.m. (see [21}).

Let r > 0. A function f:[0,*) X Q » cz(Hq,H_r) is said to
belong to the class O(HQ,H_r) if f is an Ft~adapted measura-

ble function on ka  to oz(Hq,H_r) such that

(-]
. 2 d
E, £_]| s < oo,

J w il g, (HA,H L)

o Q’ -r
- i
e % T T I T L N S - y . ) } \"‘
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Proposition 2.5 Let r > r; + rp; and f € O(HQ,H_r). Then

there exists an H__-valued element Y(f), called the stochastic

integral for elements in O(HQ’H-r)’ such that R

Y(£)l¢] = J <f2(6),dW >, a.s. ¥4 e H
o

where the RHS is the stochastic integral of Definition 2.3.

i
'-, g

We sometimes denote this integral by Y(f) = I: fo dws.
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It has the following properties: If f,g € O(HQ’”-r)

?
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a) For a,b e R Y(af+bg) = aY(f) + bY(g) a.s..

’

ip
o
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.
e,
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b) E(Y(f)[¢]) =0 ¥ ¢ e H.

'
s+ 8

, e

oo

¢) EQH(HBIY(RV) = E [ QUEL®),g5(M)ds ¢, ¥e 1l
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square integrable martingale with an H_, continuous
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p

b

b

3

b

3, MULTIPLE WIENER INTEGRALS

\ Real valued multiple Wiener intesrals. Let ne 1,

q>T1; + 1, T=[0,°) and denote by Hﬁn the n-fold tcnsor

' product of I with itself. For f e L2(TM>H®™) define

b q qQ
1. (f) = p> J <f(t), e, ®..Re.> v, [e...dV [ec. |
n AU I ~ " Jp ®n Tt Th th i
1= (tx,...,tn) (3.1)

> 1 is a CONS in Hq and each multiple intecgral in

RHS of (3.1) is a multiple Wiener integral (m.W.i) with

h .] .
where [eJ]J

dependent integrators (W, [e. },...,W
ty ) t

considered in (3], [4) and [17].

[e. 1) of the tvpe - g
n Jn

Similar to the stochastic integral (2.1), and using the
nuclearity of ®and the properties of Q, it can be shown that
the rcal valued multiple Wiener integral (3.1) is well de-
fined and its value does not depend on the CONS {ej}j > 1

of H or the choice of q. Moreover In(-) is a linear

q
operator and

E(In(f))2 < n! || £ iz(Tn N ngn). (3.2)

For f e L’(Tn - Hgn) a m.W.i, of the form (3.1) cannot be
Q

defined since W, is not an HQ-valucd process. However since
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for all q ® 1, + r2 LI(T" = uﬁ“) is dense in L2(T" - ng“)

| then by (3.2) In(-) has a unique extension to L’(Tn - HS")

also denoted by In and called the rcal valucd multiple

Wiener integral for elements in LZ(Tn -+ Hgn). It has the
usual properties of the ordinary multiple Wiener intcgral

of Ito [8]. In particular the following is true.

Lemma 3.1.- Let f € LZ(Tn - Hgn). Then there exists

g € MQ’ E f: [l g(s) || 6 ds < « such that

In(f) = IO <g(s),dws>Q (3.3)

where RHS of (3.3) is the stochastic integral of Definition

2.3

®'-valued multiple Wiener integrals.- Let s 2 r; + r, and

oz(Hgn,H_s) denote the Hilbert space of Hilbert-Schmidt

en
Q

operators from H to H__.

S

Proposition 3.1 Let f € L’('I‘n -+ Oz(Hgn, H_s)), Then there

exists an H_S-valued element Yn(f) such that *

Y (f5061 = T_(f*(¢)) a.s. ¥ ¢ € H, (3.4)

where I () is the real valued m.W.i. defined above. Y, (1)

T e e e T e AT AT T A AT T Tt et et et et it et et v e e
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1N
:

.

is called the ®P'-valueced multiplc Wicner interral of f, 2
It is such that ;
v i

o

3

2 2

| %
,,

o

The following result is an infinite dimensional analog of i
Lemma 6.7.2 in Kallianpur [11]. !
x

-

Proposition 3.2 Letn > 1, s> r; + r; and i
‘\

f e L’(Tn - az(Hgn,H_s)). Then there exists a non-anticipative .
o,(Hq,H_S)~valued process h(t,®) such that E
9

o .

E ] | h(t,«9) || 2 dt < = (3.6) -

0 °2(Hg,u_ )

-S -

and .
Y_(£) - [o hy dW, (3.7) _,,;\;

o

where RIS in (3.7) is the ®'-valued stochastic integral of E
Proposition 2.5, %
N

Proof By Lemma 3.1 for each ¢ € H_ there exists gy € MQ’ o
had 2 o0 and -.‘
E(Uo Il gg(s)l g ds < o
A
= o = *(d '-'

Yn(f)[¢] Jo <g¢(t),dht>Q In(f (4)) a.s. . (3.8) N

X




Let.{ck}k > 1 be a CONS for Hg and define h*(t,w)(ck) =
Be (t,«) k > 1, Then h*(t)(ek) is HQ-valued and belongs
k

to M Next

Q'

]
nts8

= - 2 = ' 2
[ B mepl par - 3w <s, (0,005

o k

= T E(Y (f)le})?<n! Z | f*(e )l 22ppn | yon
k=1 n k k=1 k L3(T HQ )
=n! || £fl| 22,70 <o |
L2(T oz(Hq, H-S))

Thus h*(t)(:) = <-,ek>S h*(t)(ek) defines an a.s.

>
nt48
—~—h

dtdP linear operator from Hs to ”Q' Moreover

h*(t,w) € 0,(H H-s) a.s. dtdp and

Q’
£ 10” ROl o, g, w4 .

Then the result follows from Proposition 2.5.

Q.E.D.

As in the case of a real valued Wiener process, in the next
section we will see how the m.W.i. above defined are useful

in studying ®'-valued nonlinecar functionals of the ¢'-valucd

Wiener process W,_.
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30. A

4, - P'-VALUED NONLINEAR FUNCTIONALS
Let FV = Fz. By a ®'-valued nonlinear functional of W we - N
mean a ®'-valued random element F: & - &' such that F is

W

+ B(®') measurable and E(F[¢l)? <= ¥ ¢ € ®, We decnote
by L?2(2 ; ') the linear space of all ®'-valued nonlinear

functionals. Observe that it is not a Hilbert space.

For r > 0 let L?(£2 > H_) be the Hilbert space of all
F¥.measurable elements F: @ - H_, such that E(l] Fl fr) < oo, =
The Hilbert space L?(Q » H_.) is called the space of

H_,-valued nonlinear functionals of W,..

Let H = sp {wt[¢]: ¢ ¢ &, t € T} (closure with respect to o
L’(Q,FW,P)) and H®" be its n-fold symmetric tensor product. f

Since H is a Gaussian space, it is well known that kS
L2(R,F",p) = Ze W%, For s >0 and n > 1 define -
n=>0 .

K

G (H. () = {n e L2(Q~ H_[): nlg]e HOM ¥ ¢ e H Y. (4.1) 3

The following result is the Wiener decomposition of the space S-
L2 ; @'). :

Theorem 4.1 The linear space L2(§$2; &') of ®'-valued non- fi
’

linear functionals is a (complete) nuclear space given by the =Y

strict inductive limit of the Hilbert spaces L*(2 =+ H__). 5 g-
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31, :

Moreover

: L}(Q2; ') = 1lim ( 2
]

The proof of this theorem is based on the following lemmas.

Lemma 4.1

L2 ; ') = U L¥(Q-+H_) . (4.2)
r=0
Proof Let Fe L2(Q2 » H-r) r » 0., Then Fl¢] is Fw-mcasurable
for all ¢ € & and E(F[¢]1)? < || ¢l 2 E[| FI[ 2, <=, i.e.
Fe L2 + ®') and hence

=1

L*(@~+H_) C L2(Q ; @) .

r=0

Next let F e L2(& ; ¢') and for all ¢ ¢ ® define V?(9)
E(F{¢))2. Then V3(¢) <= ¥ ¢ ¢ &,

As in the proof of Lemma 2.2 using the continuity of F on d
and Fatou's lemma, one can show that V(¢) is a lower semi-
continuous function of #, Then by Lemma I1.2.3 in [20, page

386], V(¢) is a continuous function on ¢ and hence there

exist 6 > 0 and ry > 0 such that

AV AN 5



v2(¢) = E(F(¢))* < Oi|lel; wo e (4.3)
F -

Let r > rp + r,, then the imbedding of H, into H, is a
~ F ~
Hilbert-Schmidt map. Take 6. = (1 + A.)"T¢., then (¢},
e c p 3 ( J) j» then 10575 5

is a CONS ain Hr and

E(T F$.12) = T Vi$.)
J:" J J=] J
<62 % Né.]l2 =62 z (1 + X )'Z(r'rF) <66, <
. = + . co

where 0, is as in (1.2). Then 2;=] Flaj]2 <=~ ga,s., and if

{¢j} is the CONS in H__ dual to {¢j}j > 1

i=2

P(F(w) = Z Fl6.) (0¥, <=) =1

and F € H a.s. . Moreover,

ENFIl 2 = Z E<F,(1+A.)T6.>2 = E( I Fl$.1%) <=
Il Fll -7 j=1 » ( J) j -r j=1 J

It remains to show that for each ¢ € ® F(¢] = Fle]. By using
. m ~ ~ .
(4.3) since 2j=1 <¢,¢j>r ¢j m:“ ¢ in H_

m
é.]V. 2 - . T <.6.>0.1)2
F[¢)]¢J[¢l) E(Fl ¢ i ¢,¢J r¢J])

' m
E(F{¢] - _2
J=

1
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and therefore for each ¢ € @ F[¢] F[¢] a.s.. Thus if

Fe L2(Q2 ; ') there exists r » 0 such that F e L?(Q2 Ho.).

Q.E.D.

The next result is the Wiener decomposition of the space
L2(Q » H_ ). It appears in Miyahara [16] for a general

Hilbert space K, i.e. for L?(Q » K).

Lemma 4.2 For each r> 0 L?(Q2~+H ) = £ ® G_(H
- -T n30 n--

) .

T

Proof of Theorem 4.1 It follows by Lemmas 4.1 and 4.2 and

the fact that L?(RQ ; ®') is the dual of the Countably Hilbert
Nuclear space N L¥*(Q » H).

20
Q.E.D.

Define for n > 1 G _(¥') = {n e L2(2; &'):nlo) ¢ HOM v ¢ e @),

The following corollary is shown similar to Theorem 4.1,

Corollary 4.1 For each n > 1 Gn(¢') is a (complete) nuclear

space given by the strict inductive limit of the Hilbert

spaces Gn(H_r) r > 0.

Multiple Wiener integral orthogonail expansions.- Let

= . 200 ®n
Sy {Yn(fn).fn e L?(T oz(HQ Ho ) n>0, s> 0}




where Yn(') is the m.W.i. of Proposition 3.1, We shall

show that S, is a complcte set in the space L¥(2; ®'),

Y

For r » 0 let S; be the closed subspace of L2(Q » H-r)
spanned by the multiple Wiener integrals Yn(-) of Proposi-

tion 3.1 for elements in LZ(Tn > oz(Hgn,H_r)), i.e.

ST

Y= SP Y (£): f € LE(T™ > o (", 1)) n > 1)

Q

where the closure is taken with respect to L*(2 =+ H_ ).
Although multiple Wiener integrals on a Hilbert space have
been studied before (Mivahara [16]), the following result

was not found in the literature.

Proposition 4 1 For each r > 0

¢
02 (EXP(L2(T) @ Hy), H_,) = s§

where for g € o, (EXP(L2(T) ® HQ), H ), g* = (gtet, ..)

gt e o, (H,(L2(T) @ nQ)Q") n >0
tE(g) = nEO Y (g,) (convergence in L*(2 + H__))
where EXP(L?(T) @ Hy) = T o (L(T) @ nQ)@“

na0




--------
------

T T T vy c e _at -
- Ll S Gt S A R AN SV P oV oV PR SR £t " o

35.

Proof Let g € o,(EXP(LI(T) © HQ),H_r), then
gt e oz(Hr,EXP(Lz(T) e HQ)), i.e. for ecach ¢ € H_
g*(¢) € EXP(L*(T) @ Hy), g*(¢) = (g2(¢),8%(¢),...) and

z (o) 2 < e,
n=0” e (@)l (L2(T) ® H.)®"

Q

We first show that for each n > 0 gt e o (H_,(L3(T) @ uQ)@“
Let {em}

n> 1 be a CONS in H., then

"8

Il g*(e )] 2 <=

m=1 m " EXP(L2(T) © Hy)

and hence

T |l g*Ce ) 2
m=1 EXP(L%(T) ® HQ)

=T I |gte))] < -
n=0 m=1 0 M ” (L2(T) ® HY)®"

Thus for each n and {em} a CONS for Hr

ma> 1

) gte] <=,
m=1| ghie )|l L2(T) @ HQ)@n

i.e. ghte o (H_,(L2(T) @ HQ)@“) n >0

).
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36.
But if g € 02 (EXP(L2(T) ® Hy)y H_ 1)
El ¢l 2, = T EllY (el 2. = Nlell?
T n=o ntenc T 02 (EXP(L(R,)®Hy) H_,).

Then the result follows since g as above is a typical elcment
in o, (EXP(L3(T) @ HQ),H;r) r>0.
Q.E.D.

The completeness of the multiple Wiener integrals Yn(fn),

fn e LI(T" » oz(Hgn,H_r)) in L2(92 + H-r) is then obtained.

Proposition 4.2 Let r > 0 and F e L*(R+ H_ ), E(F) = 0. Then

F= X

. 2
. Yn(fn) a.s. (convergence in L*(f2 » H-r))

1

8“, H.)) n>1.

where f_ € L2(T" » 0, (H
The above proposition and Theorem 4.1 yield the next result
which gives multiple Wiener integral expansions for ®'-valued

nonlinear functionals.

Theorem 4.2 Let F e L2(2 ; ®'), E(F[¢]) =0 ¥ ¢ € . Then

there exists re > 0 such that F e.Hr a.s, and
F

F= X Y (f) a.s. (L2(22+ H _ )-convergence)
n’1 n n -TF

where fn e L2(T" - oz(Hgn, H_rF)) n>1.
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37.

Stochastic inteeral representations for ®'-valued nonlincar

functionals From Proposition 3.2 and Theorem 4.2 onc obtains

the following stochastic integral representation for elements
in L2(2 ; @¢'). This result is the ®'-valued analog of Thecorcm

6.7.1 in Kallianpur [11]),

Theorem 4.3 Let Fe L (2; @®'), E(Fl¢él]) =0 ¥ ¢ ¢ &, Then
there exist Tp > 0 and a non-anticipative Oz(Hq,H_r )-valucd
F

process h with

[ nce,an e dt < =
(o] OQ(HQ,H_rF)

such that

F(w) = J h(t,w)dwt a.s.
o

where the RHS in the last expression is the ®'-valued

stochastic integral of Proposition 2.5 with an H [ -valued

F
continuous version. '

The last theorem and an application of the Baire catcgory
theorem (as in Theorem 4.1) yield the following representation
theorem for P'-valued square integrable martingales (sec [17)
for details). A ¢'-valued stochastic process (Xt)t > g 1S
said to be a #'-valued square integrable martingale with

respect to an increcasing family (Ft) of o-fields if for

t>0




each ¢ ¢ & (th],Ft)t > o 1s a real valued square integrable

martingale, i.e.

sup E(XI[¢])< = ¥ g e &,
Oct<ee

Theorem 4.4 Let (Xt,F¥), Xo = 0, be a ®'-valued square

integrable martingale. Then there exists T, > 0 such that

-~

X, has an H_ continuous version X; given by the ®'-valued

Tx

stochastic integral

- t
# X, (@) = Jo h(s,w)d W, a.s. (4.4)

for every t > 0, where h(t,w) is nonanticipative, Oz(Hq,H_r )
b

- valued and

°0 . -
Io E” h(t)w) “ ochQ’H-rx)dt < ’

where RIS of (4.4) is the ®'-valued stochastic integral of

Proposition 2,5.
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